LJ These slides/notes represent only part of the course, and were 
accompanied by face-to-face explanations on white-board and 
additional topics / learning materials. 


LI In preparation of these slides | have also benefited from various 
books and online material. 


LI Some of the slides contain animations which may not be visible 
in pdf version. 


LJ Corrections, comments, feedback may be sent to 
httos://www.linkedin.com/in/naveedrazzaqbutt 
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What is a signal and what is a system? (from 
engineering mathematics perspective) 


Chapter 1 
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Systems 
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What are some of the common types of signals and 
systems? 


Chapter 1 
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x(t) 


x{[n] 
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What are some of the useful properties of signals and 
systems? 


Chapter 1 
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Four major ways of modelling and analyzing signals 
and systems. 


Time Domain Chapters 2, 3 
Laplace Chapter 4 
Z-Transform Chapter 5 


Fourier Chapters 6, 7,9 
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How do signals and systems interact? 


Chapters 2-7 
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EE 322 - Digital Communications / Dr. Naveed R. Butt @ Jouf University 


Important Business!! 


¢ 80% attendance is mandatory! 


¢ Textbook 
¢ Lathi, B. PB, and Green R. A., Linear Systems and Signals (3 ed.), NY: Oxford 


University Press (2018) 


¢ Contact 
* naveed.butt@giki.edu.pk 
¢ office: FES G-13 


Weightage 


Learning Plan 


@ Final @ Mid Assignments MQuizzez Project 


¢ Lectures 
¢ Help discover and grasp new concepts 


° Quizzes & Assignments 
¢ Help prepare/revise each week’s concepts 
¢ Keep you from lagging behind in course 
¢ Presentation 
¢ Helps learn independent work & presentation 
¢ Prepares for final year project 
¢ Exams (Mid-1, Final) 
¢ Help prepare entire course material 
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Course Learning Objectives (CLOs) 


CLO 1 


CLO 2 


CLO 3 


CLO 4 


Cognitive/Applying Apply the basic knowledge of signals and systems to categorize Quiz, Mid, 


Cognitive/Applying 


Cognitive/Analyzing 


Communication 


and solve basic operations of signals and systems. 


Calculate parameters related to continuous-time and discrete- 
time signals and systems in the time domain. 


Analyze continuous-time and _ discrete-time signals and 
systems in the transform domains including Laplace, Fourier, 
and Z transforms. 


Demonstrate the ability to  review/implement material 


related to signals and systems and formally present the 
results. 
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Quiz, Mid, 
Assign., Final 


Quiz, Mid, 
Assign., Final 


Presentation 
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Questions’? Thoughts? ? 


ad 
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What a moose hears 
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Vocabulary — Signals & Systems 


¢ Signal 

¢ System 

¢ Continuous-Time 
¢ Discrete-Time 

¢ Impulse 

¢ Step 


¢ Transform 
¢ Time Domain 
° Frequency Domain 


¢ Response 
¢ Convolution 
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|”’ 


“Signa 


A SET OF DATA OR INFORMATION! 


|”’ 


“Signa 


A SET OF DATA OR INFORMATION! 


How do we normally represent data/information? 


“Signal” 


A SET OF DATA OR INFORMATION! 


cos(t) - 


-35 20 -1 


xO 
a 
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Our x-axis is often 


“time” (but doesn’t 
have to be). 





“Signa 


|”’ 
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For temperature 
across a rod, x-axis 


could be along the 
length. 
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“System” 


AN ENTITY THAT PROCESSES A SIGNAL 
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“System” 


AN ENTITY THAT PROCESSES A SIGNAL 


x(t) y(t) 


a S —__ 


\ Can be something 


physical, or just an 
algorithm. 


“Continuous-Time” 


“Discrete-Time” 


x(t) 


x{[n] 
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x(t) 


“Continuous-Time” X-axis is a continuous 


variable (can take any 
t value in a given range). 





x[n] 


“Discrete-Time” 
X-axis is a discrete variable 
ye (cannot take all values ina 


given range, e.g.n = 
1253) 0x) 
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“Impulse” 
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“Impulse” 


impulse 


UK 4) /iIm.pals/ US 4) /‘Im.pals/ 


impulse noun (WISH) 


@) [Cc + to infinitive ] 


a sudden strong wish to do something: 
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“Impulse” 


Sometimes we want to give a very 


brief “touch” to a system to see its 
reaction. 


Z 
€ 





bo|m 
holm 
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“Impulse” 





Sometimes we want to give a very 


brief “touch” to a system to see its 





reaction. 


Continuous-Time Case 
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“Impulse” 





ofr] 


Sometimes we want to give a very 


brief “touch” to a system to see its 





reaction. 


Discrete-Time Case 
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“Ste on 


Sometimes we want to give a 


sustained “push” to a system to 
see its reaction (or what happens). 
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“l )) Sometimes we want to give a 
Ste D sustained “push” to a system to 


see its reaction. 





1 u(t) 


Continuous-Time Case 
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“l )) Sometimes we want to give a 
Ste D sustained “push” to a system to 


see its reaction. 








Discrete-Time Case 


| forn>0 


ode {0 forn <0 
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“Transtorm” 





A transform is an alternate form 
or representation of something. 
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“Transtorm” 


Amplitude 








1 kHz signal in the time domain 


This is clearly a sine function. Only 
information | need to record is: 
(a) This is a sine function 

(b) It has amplitude 1 

(c) It has frequency 1 kHz 


Time (milliseconds) 
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“l )) 
Tra N sfo 4 mM A transform is an alternate form 


or representation of something. 





1 kHz signal in the time domain 


Time Domain 


| 


Two alternate representations 
1 kHz signal in the frequency domain ‘ 
of sin(1000f) 


Amplitude 


Time (milliseconds) 


Amplitude 


Frequency Domain 


1000 
Frequency (Hz) 
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“Response” 


Response is what a system does to 
The Case of Double Shah sey anew ee 





Give me one rupee, and I’Il give 
you two! 
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“Response” 


Response is what a system does to 
The Case of Double Shah eSignal Senet 





Give me one rupee, and I'll give System “response ,let Ss Call it h, 
you two! then y = hx withh = 2. 
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“Convolution” 
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“Convolution” CONVOLUTED 


“) convoluted 


/ konve I(j)u:trd/ 
adjective 


1. (especially of an argument, story, or sentence) extremely complex and difficult to follow. 
“the film is let down by a convoluted plot in which nothing really happens" 


Similar: | complicated complex involved intricate elaborate impenetrable 


2. TECHNICAL 


intricately folded, twisted, or coiled. 
“walnfits come in hard and convoluted shells" 
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“Convolution” 


A MATHEMATICAL OPERATION 
(JUST AS +, —,X,+) THAT HELPS US 
CALCULATE THE RESPONSE OF A 

SPECIAL TYPE OF SYSTEMS. 


Convolution is often denoted by * 


The Curious (and Completely Made Up) Case of Quadruple Shah 





Give me one rupee today, and I'll 
give you two rupees tomorrow and 
two rupees day-after-tomorrow! 
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The Curious (and Completely Made Up) Case of Quadruple Shah 





2 2 
1 
M T W 
Give me one rupee today, and I'll 
ive you two rupees tomorrow and 
See pees fe eal Fi all 
, uot reaction 
reaction 
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The Curious (and Completely Made Up) Case of Quadruple Shah 


T W Th 





Give me one rupee today, and I'll 
give you two rupees tomorrow and 
two rupees day-after-tomorrow! 
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T W Th 





Give me one rupee today, and 1’I| 
give you two rupees tomorrow and 
two rupees day-after-tomorrow! 
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T W Th 





Give me one rupee today, and I’II 
give you two rupees tomorrow and 
two rupees day-after-tomorrow! 
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uesday [2 


Wednesday 2+4=6 
Thursday 4 





Convolution helps us calculate 


such outputs mathematically. 
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Convolution Shortcut: Multiply overlapping cells and add the results! (then slide input right and repeat!) 





What you 
give (input) ——~ 
What the 


system does 





On Monday you 
get nothing! 











On Wednesday you 


On Tuesday you 
get2x1=2 get2xX2+2x1=6 
rupees rupees 
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On Thursday you get 
2X 2 = 4 rupees 


38 





We will see a precise formulation of 
convolution later in the course... 


Questions’? Thoughts? ? 


ad 
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Signal Basics I 


Types Examples 
Several classifications Some practice 
of signals. problems 
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Engineers like to classify... 
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L. Is the x-axis continuous or discrete? 


x(t) X-axis is a continuous 
variable (can take any 


“Continuous-Time” value in a given range). 





Vs. 


x[n] 
X-axis is a discrete variable 
“Discrete-Time” (cannot take all values ina 


given range, e.g.n = 
' 1, 2,3,...) 
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2. Is the y-axis also discrete (or continuous) ? 


“Analog” Vs. “Digital” 


Po bo bo bt bE ge Re 
PF Ft to ge 
PP Ft fF tt 

2 o> a. i 


OJ 12345 67 8 91011213 ¢ 
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Analog 


¢ Most signals in real life are analog. 
¢ Analog = both x and y axes are continuous. 
¢ Continuous? No breaks. Can take any value in a given range. 
° e.g., temperature in this room 


Continuous in amplitude 
(e.g., can take any value 
in shown range) 





Continuous in time (e.g., can take any value in shown range) 
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Digital 


¢ We often digitize analog signal 
¢ Digitize? = make both x and y axes discrete. 


discontinuous in time 
(e.g., values taken only at 
fixed times but not in- 
between) 


NORPORPNWAOILON 
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“discontinuous” in 
amplitude (e.g., can not 
take values between 3 

and 4, like 3.5 etc.) 


3.Does the signal have a repeating pattern? 


“Periodic” 





Time (milliseconds) 


Vs. 


“Aperiodic” 
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Periodic Signal’s Time Period & Frequency 


Ty) = time period = length of the 
minimum repeating pattern. 


1 
fo = a = fundamental frequency 


x(t) =x(t+ Tp) for all f 
11 





Figure 1.13 Generation of a periodic signal by periodic extension of its segment of 
one-period duration. 
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Periodic Signal’s Time Period & Frequency 


x(t) =x(t+ Tp) for all f 


e.g., if To = 6, then 


x(0) = x(0 + 6) 
x(1) = x(1 + 6) 
x(—1) = x(-1+ 6) 





Figure 1.13 Generation of a periodic signal by periodic extension of its segment of 
one-period duration. 
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Periodic Signal : Area Under One Period 


Area under one whole period of a 
periodic signal is always the same 
no matter where you start! ! 





Figure 1.13 Generation of a periodic signal by periodic extension of its segment of 
one-period duration. 
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3. Are the Signal Values/Parameters Random? 





“Deterministic” 


Time (milliseconds) 


Vs. 


“Random” 
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3. Are the Signal Values/Parameters Random? 





“Deterministic” 





Time (milliseconds) 


x(t) = sin(2mft) with f =1kHz 
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3. Are the Signal Values/Parameters Random? 
“Random” “1 


x(t) = sin(27ft) ‘ 





Value of f to be decided by tossing a 
coin 
_ 41, Heads 
[= 13 Tails 
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4. Does the signal have finite energy or finite 
Power? 


¢ What are energy and power of a signal? 
¢ Why are they needed? 
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Measures are important... 


Height, Age, GDP, Stock Index... 
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How can we measure a Signal? 


We often find it useful to look 
at just one value that gives the 
overall effect of a signal. 





2.191 


V 
_ For example, in place of looking 
CGPA = 2.1 | 
at your semester-wise GPA, 
employer may look at your CGPA. 
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Two Common Measures of a Signal: Energy & Power 


0° : Signal Energy is the area 
| | |x(t)|- dt under the absolute square 
—Oo of the signal. 
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Signal Energy 








+ 2 
7 x(t) _ |x(t)| 
= = 

4 c 

> - 

wr if 7] 

: : 

= 0 ; 2 

= Time 4 

a aan 

= = 

b b 

rr rr 

A & 


| period 


(a) Sine wave (b) Sine-squared wave 
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Signal Energy: why don’t we just use x(t)? 
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Signal Energy: why don’t we just use x(t)? 


Amplitude 


The positive and negative areas cancel to zero when 
integrated over full periods. 
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For many signals, area 
under the signal curve 
will turn out to be zero. 
So not a good way of 
measuring signal. 
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Energy Signal = A signal that has finite energy 


R, = | Ix()[2dt #00 
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Energy Signal = A signal that has finite energy 


E, = | Ix()Pdt # 00 


—0oO 


= Which one has 
(a) finite energy? 


ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 25 


Many theoretical signals do 
not have a finite energy... 


In that case it is more useful to 
measure their average energy 
per unit time (called “Power” ) 
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Many theoretical signals do 
not have a finite energy... 


In that case it is more useful to 
measure their average energy 
per unit time (called “Power”) 


| T/2 5 
P,= lim — | |x(t)|- dt 
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Power Signal = A signal whose power is neither 
infinite nor zero. 


| T/2 , 
P.= lim = X(t)|* dt 
c= Him pf mora # ox 


and 


| T/2 , 
P.= lm = | Ix(t)|-dt AzAQ 
T 12 


T-oo a 
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Energy & Power — Some interesting facts... 


¢ There are signals that are neither energy signals nor 
power signals 

¢ An energy signal can never be a power signal 

¢ A power signal can never be an energy signal 

¢ All practical (real-life) signals are energy signals 

¢ Periodic signals are often power signals 
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For a periodic signal the power formula can 
be simplified to: 


Ty /2 
1 
P, =— | Ix(t)|*dt 
To 
—T)/2 


i.e., integrate over one period and 
divide by the period (79). 
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RMS — root-mean-squared value 


rms = JP, 
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Examples 
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a2 
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First we note that 


¢ The signal is infinitely long, and not decaying 
¢ It is periodic with period Ty) = 2 
¢ Its period from -1 to 1 can be modeled as x(t) = t 
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l el 
ac / Ix(t)| dt = / rdt= 3 
2 7 , 


rms = JP. == 


bat | 
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Since power is finite and 


non-zero, we conclude that 
this is a Power Signal. 





35 
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First we note that 

¢ The signal is infinitely long, but asymptotically decaying 
e Itis not periodic 

e It can be modeled as 
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oo 0 oO 
k= / \x(t)|7 aS / (2)" dt+ / 4e'dt=44+4=8 
’ J —] 0 


—OO 


Since energy is finite, this is an Energy Signal 


- Since energy signals cannot be power signals, 
this is not a power signal. 
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Show that cos(Wof) is periodic, with period Ty = = 
0 


For periodicity, we must have (for all t): 


x(t) = x(t+ Tp) for all f 





cos(wot) = cos(wo(t + To)) 


21 
RHS = cos|{ Wo (: + =| = cOS(Wot + 271) =cos(Wot) = LHS 
0 


Since cos @ is periodic, with period 27: 
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Questions’? Thoughts? ? 


ad 
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Signal Basics II 


Operations Models Examples 
Messing with signals Common signals Some practice 
problems 
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Systems often alter signals. It 
is good to know some of these 
changes... 
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1. Time-Shitfting 


Original signal 





t—_ 


Right-shifted (delayed), i.e. 
«— | occurs later than the original. 






(a) 
o(t) = x(t — T) 






Left-shifted (advanced), i.e. | 
occurs earlier than the 
original. 


x(t+ T) 
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1. Time-Shitting: How to write mathematically? 


x(t) pat fe x(2) =a,x(3) = b,x(4) =c 
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1. Time-Shitting: How to write mathematically? 


x(t) pa |b fic x(2) =a,x(3) = b,x(4) =c 
x(t — 2) . @ | el | x, (4) = a,x,(5) = b,x,(6) =c 


x,(4) =x(2) =a 
x,(5) = x(3) =b 
x,(6) = x(4) =c 
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1. Time-Shitting: How to write mathematically? 


x(t) pa |b fic x(2) =a,x(3) = b,x(4) =c 
x(t — 2) . @ | el | x, (4) = a,x,(5) = b,x,(6) =c 


x,(4) =x(2) =a 
x,(5) = x(3) =b 
x,(6) = x(4) =c 
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1. Time-Shitting: How to write mathematically? 


x(t) pa |b fic x(2) =a,x(3) = b,x(4) =c 
x(t — 2) . @ | el | x, (4) = a,x,(5) = b,x,(6) =c 


x,(4) =x(2) =a 
x,(5) = x(3) =b 
x,(6) = x(4) =c 


x(t) = x(t — 2) 
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1. Time-Shifting: How to write mathematically? 


x(t) pa |b fic x(2) =a,x(3) = b,x(4) =c 
x(t — 2) . @ | el @ | x, (4) = a,x,(5) = b,x,(6) =c 


In general, for a right- 


x,(4) =x(2) =a 
shift of T units, we can 


x,(5) = x(3) =b 
x,(6) = x(4) =c 


write the new signal as 
x(t — T) 





x,(t) = x(t — 2) 
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1. Time-Shifting: How to write mathematically? 


x(t) pa |b fc x(2) =a,x(3) = b,x(4) =c 
x(t + 2) | ae] Be | x(0) = a,x,(1) = b, x;(2) = ¢ 


In general, for a left- x,(0) = x(2) =a 
shift of T units, we can x,(1) = x(3) = b 
write the new signal as x,(2) = x(4) = ¢ 

x(t + T) 





x,(t) = x(t + 2) 
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1. Time-Shifting: How to write mathematically? 


x(t — T) Assuming T > 0 
Delayed or Advanced? Easy trick to remember: 


wes ™ ©) 7 = 7 ’) So, whatever happens at 0 
Xs (0) — x(—-T) now, originally happened at 


— T, which means we are now 
delayed!! 
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1. Time-Shifting: How to write mathematically? 


x(t — T) Assuming T > 0 
Delayed or Advanced? Easy trick to remember: 


wes “ ©) 7 = 7 ’) So, whatever happens at 0 
X > (0) — x(—-T) now, originally happened at 


— T, which means we are now 
A funny way to remember: No body likes 
delays (i.e., they are a negative thing) 


delayed!! 
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1. Time-Shifting: How to write mathematically? 


x(t ++ T) Assuming T > 0 
Delayed or Advanced? Easy trick to remember: 


pues “sh (¢) ~ m = r) So, whatever happens at 0 
Xoh (0) — X (T) now, originally happened at T, 


which means we are now 
advanced! ! 
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1. Time-Shitting: Example 


,_ Je {> ) Q. Write the one-second delayed 
x (t ) ~ 10 t=O version of this signal 
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1. Time-Shitting: Example 


y a {> ) Q. Write the one-second delayed 
x (t ) ~ 10 t=O version of this signal 
Step 1 Xq(t) =x(t— 1) 
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1. Time-Shitting: Example 


si Ee t>0 Q. Write the one-second delayed 
x(f) = 0 t<-0 version of this signal 
Step 1 X(t) =x(t— 1) 
sep2 at -Dal® PT 120 or fz 
ee | ‘~V0 t-1<0O or t<l 
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1. Time-Shifting: Example (plotting) 
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(_—2t 
= {6 
{ e—2t-1) 
“t= D= 45 | 


2. Time-Scaling 


Original signal 





! (i= x(2) Compressed, i.e. “played” 


er faster 


Expanded, i.e. “played” 


slower 
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2. Time-Scaling: How to write mathematically? 


x(t/2) a bcd e 
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x(-1) =a,x(0) =c,x(1) =e 


Xe(—2) = a,x,(0) =c,xe(2) =e 


Xe(-2) =x(-1) =a 
x-(0) = x(0) =c 
x,(2) =x(1) =e 


2. Time-Scaling: How to write mathematically? 


x(t/2) a bcd e 
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x(-—1) = a,x(0) =c,x(1) =d 


Xe(—2) = a,x,(0) =c,xe(2) =e 


Xe(-2) =x(-1) =a 
x-(0) = x(0) =c 
x.(2) =x(1) =e 


Xe(t) = x(t/2) 


2. Time-Scaling: How to write mathematically? 


In general, for a time-scaling (expansion) by a factor a > 1, we can write 
the expanded signal as 


x(t/a) 


And for a time-scaling (compression) by a factor a > 1, we can write the 
compressed signal as 


x(at) 
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2. Time-Scaling: Example 


? —15<t<0 oWai dverionorih 
et) — I 9-t/2 ce . Write a compressed version of the 
X(t) a€ Ost eS 3 signal, with compression factor a = 3. 

0 otherwise 


Step 1 x(t) = x(3t) 


2 —15<3t<0 or —05<t<0 
Step 2 x(3t) = 42e7%'/? 0<3t<3 or O<te<!l 
0 otherwise 
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2. Time-Scaling: Example (plotting) 


2 


i 


0 


i) 


x(3t) = 4 2e-"/? 


—) 
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x(t) = {2e/? 


—15<f<0 
i oe 
otherwise 


—1.5<3t<0 or —05<t<0O 
0<3t<3 or O<t<l1 
otherwise 
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3. Time-Reversal 





(b) 
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3. Time-Reversal: How to write mathematically? 


x(1) = a,x(2) = b,x(3) =c 
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3. Time-Reversal: How to write mathematically? 


x(1) = a,x(2) = b,x(3) =c 








x¢(-1) = a, x¢(—2) = b,x-(-3) = 


xp(-1) = x(1) =a 
Xp(-—2) = x(2) =b 
x¢(-3) = x(3) =c 


In general, after time 
reversal the new signal 


can be written as x¢(t) = x(-t) 


x(-t) 
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3. Time-Reversal: Example 


9 
x(t) = € —l2>t>-—5s Q. Write the time-reversed version of 
: 0 otherwise the given signal. 
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3. Time-Reversal: Example 


fa 
x(t) = ee —l2>t>—5s Q. Write the time-reversed version of 
0 otherwise the given signal. 
Step 1 x(t) = x(-t) 
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3. Time-Reversal: Example 


fa 
x(t) = Al —l2>t>—5s Q. Write the time-reversed version of 
0 otherwise the given signal. 
Step 1 x(t) = x(-t) 
Step 2 (—t) = e—t/2 —j]>-t>s-—5 o 1<f<5 
aie 0 otherwise 


ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 


29 


3. Time-Reversal: Example (plotting) 


—|l>f>-5 
otherwise 





—l>-t>-5 or 1<tft<5 
otherwise 





ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 30 


It is good to be intimately 
familiar with some signals 
that show up again and again 
and again and... 
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1.1 Unit Step 


DC source 





Circuit approximation of step 
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1.1 Unit Step: Graph & Equation 





Circuit approximation of step 
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u(t) 


t>0 
t<0 


Q. How can we limit a signal so 
it doesn't start before t = 0? 


Answer: multiply it with unit step!! 
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1.2. Multiplication with a Unit Step 





x(t) = cos(wt) 
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1.2 Multiplication with a Unit Step 
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1.2 Multiplication with a Unit Step 





y(t) = cos(wt) X u(t) 
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1.2 Multiplication with a Unit Step 





_ Jcos(wt), t=0 
yo=|9 t<0 
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1.3 Writing a Piece-Wise Function in terms of Unit Step 


ve t>0 


J 


e 
0, t<0 


x(t) = 





¥ 


x(t) =e“ u(t) 
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1.4 Time-Shifting a Unit Step 
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1.4 Time-Shifting a Unit Step 
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1.5 Making off-on-off (rectangular pulse) with Unit Step 


x(t) = u(t — 2) — u(t —4) 





L, peo 
u(t=2)= 44 t<2 


ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 


1.5 Making off-on-off (rectangular pulse) with Unit Step 





he E72 
u(t=2)= {4 t<2 

—1, t > 4 
-u(e=4) =| t<4 


0, EaZ 
x(t) = u(t — 2) —u(t — 4) = 4140, 2<t<4 
1-1, t>4 
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2.1 Unit Impulse Function 


l 
d(t) = 
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2.1 Time-Shifting a Unit Impulse 


6(t-T)=0 t-T#0 
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2.2 Multiplying a Function with Unit Impulse 


o(T) o(T)d(t — T) 





o(Hd(t—T) =e )s(t—-T) 
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2.3 Sampling Property of Unit Impulse 


‘e) _ 
(T)d(t — T) 5 O(T) 


Integration 





So we get the 
co oo value/sample of the 
/ o(t)d(t—T) dt = oir) | d(t)hdt=@(T) function (t) at T. 
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2.4 Relation Between Unit Step & Unit Impulse 





f 
/ d(t)dt = u(t) 


ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 


2.5 Examples 


Show that (t? + 3)d(t) = 36(t) 


Let (t) = t? +3, then using: ¢(6(t— 7) — d(T)S(t—T) 


For us T = 0, which gives #(t)d(t) = 6(0)d(t) 


(t? + 3)d(t) = (0° + 3)d(t) = 36(t) 
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2.6 Examples 





/ (t)d(t — T) dt = oir) | 5(t)dt=(T) Use this, with p(t) = eJ@* and T = 0 


(0) =e = 1 
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Questions’? Thoughts? ? 


ad 
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Signal Basics III 


Complex Models 
Numbers Complex Exponential 


Quick Revision 


ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 


Examples 


Some practice 
problems 


i Der ned Feels Cpe 
2 — 


Oou THATS A TRICKY ONE. {OU KNCI, 
YO ROVE TO WISE CALCULUS IMAGINARY ELEVENTEEM, 


AND IMAGINARY NUMBERS | | NUMBERS #7) tion Tare, 
OR. THIS. BLL TWO 


TS AUTTLE 
CONFUSING 
AL FIRST, 
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Plotting a Complex Number 
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Plotting a Complex Number 
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Plotting a Complex Number 
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Plotting a Complex Number 
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Q. What is the length of z? 





A. Modulus of Z, i.e., |Z| 
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Q. What is the angle of z? 


A. 
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Q. Can we write a and b in terms of r and @? 





ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 


Q. Can we write z in terms of r and 8? 






Z=atjb 


Z=rcos@+jrsin@é 


z=r(cos@ +/jsin@) 
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atjb=z 


Q. Can we use Euler’s identity to make z look nicer? 
Jj 


eJ® — cos 6 + j sind 





z=r(cos@ +/jsin@) 
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Q. What happens if | change the sign of /? 


A. You get a flipped version of z 
that we call conjugate of z 
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Summary 


Cartesian form 7=a + jb 


Polar form Z= |z|e/? — rel? 


| r= |z| = Ja* +b? 
Cartesian 





to Polar ; b 
0 = tan’ ~— 
a 
Polar to a=rcosé 
Cartesian b=rsin@ 
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Some Interesting Results 


(z*)" =z 


zz = |z|* 
jeJ?| = cos*9+sin*@=1 


eJ2™ — 1 (n= integer) 


Example 


Using both polar and Cartesian forms, determine Z;Z) and Z,/Z2 for the numbers 


41 = 3 +/4 = ial and a= 7 +73 — J 1326" 


Multiplication: Cartesian Form 
2122 = (34+ j4)(24+ 3) = (6— 12) + (8 + 9) = —64 17 
Multiplication: Polar Form 


nz = SE" )( VTE) = SV TIO 
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Division: Cartesian Form 





4 GB+j4)2—-j3)  18-fl 18—fl_ 18 1 
> Q4+p2-3) 2+2 #2 1 / 








Division: Polar Form 


j53.1° 
<1 a = : ei(53.1°-56.3°) _ > eB 
Z2 1326313 13 
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Example = zi =2e!"/* and z. = 8e!”/? 
(a) 221 — Z2. 
z) =2e7/4 =2( co = tisin *) = J/2+j/2 


a= glt/3 — 8 (cos = +jsin ) =4+4 j4/3 


22) — 2 = 2(V 24+ jv2) — (44: j4V3) = (2V2 —4) + j(2V2 —4V3) = -1.17-j4.1 
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Example 


(c) 21/25. 


es Es. 


bb 


9 eit/4 


~ (8e/3)2 


2 = 2e* and z. = 8e"”” 


it | 4 
2el"! I oi(a/4—2n /3) _ 


= 


~ 64¢i27/3 — 32 
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—j(Sm /12) 


A Sine and a Cosine Walk Into an 
Imaginary Bar... 


The Complex Sinusoid - e/%¢ 


























cos(wt) 


















































He 


Kt 
[4 
it 
tt 
i 
it 





sin(wt) 
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The Complex Sinusoid - e/@® 


cos 0 


cos(wt) + j sin(wt) 9g=( 


sin @ 


lucasvb.tumblr.com 
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The Complex Sinusoid - eJ@© = cos(wt) + j sin(wt) 


|g l2etet 





Time 





cos(2nf,t) 


(a) (b) 
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The Complex Exponential - e*® 


st _ elotjw)t — we 


al \ 


decay or growth Complex sinusoid 


e 


The Complex Exponential: eS! = e% eJvt 


o =0 ao <0 


e j2rf.t 





cos(2zf,t) 
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Example 


Show that the complex exponential signal 


X(t) = esol 


is periodic and that its fundamental period is 27/q@,. 
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x(t) will be periodic if eiwlt +T) = ejwot 


If w, = 0, then x(t) = 1, which is periodic for any value of T. 


2X 


If w # 0 T =m— m = positive integer 
ee 











; , ; 2 
Smallest value of T occurs at m = 1, and we call it the fundamental time-period Ty = — 
0 
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Even vs Odd Signals 


— __ Even function — symmetric 





— __ Odd function — anti-symmetric 





(b) 
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Products of Even and Oda Functions 


even function x odd function = odd function 
odd function x odd function = even function 


even function x even function = even function 
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Products of Even and Odd Functions 


Let x(f) = x,(f)x,(1). If x,() and x,(t) are both even, then 

x(—f) = x(-Hx,-) = 1,4) = x9 
and x(f) is even. If x,(f) and x,(f) are both odd, then 

x(—f) = x(-ODx(-D) = —x1,() [- x00) = x, x0) = x) 
and x(f) is even. If x,(¢) is even and x,(f) is odd, then 


<=) = 20 0 a ee) orl 
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Integrals of Even and Odd Functions 


| se(pdt=2 [ xX.(t) dt 
—a 0 


| ea =") 
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Writing a signal as sum of Even and Odd 


x(t) = 51x) +.(—1)] + 3h) — (1) 
even odd 
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Examples 


Find and sketch the even and odd components of x(t) = e~“u(t). 


x(t) = x[e(1) +.x(—9] + 52X00) —x(-1)] 
ee 
even odd 


Xe(t) = S[e“ u(t) + e“u(—1)] 


xo(t) = te" u(t) — e“u(—1)] 
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Find the even and odd components of e”. 


Xe(t) = s[e" +e] =cost 


x,(t) = +[el" —e/] =jsint 
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Questions’? Thoughts? ? 


ad 





ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 





mee fo Be 
Signals and Systems 


with 
Dr. Naveed R. Butt 
@ 


GIKI - FES 


Spectra — the Ghosts in Your Signal 








ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 


025 


O2 


0.15 


0.05 


O00 


O2 


0255 


0002 


o0co. 0.005 0.008 
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001 
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1/f noise 


10 


20 30 40 50 60 
Frequency (hertz) 
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Q. Can we write signals as sums of 
periodic functions (frequencies) ? 


This is exactly what Fourier Transform 
does — it tries to write every signal as a 
sum of sinusoids. 


Q. Can we write signals as sums of 
periodic functions (frequencies) ? 
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Baking a Fourier Cake 


¢ Given: Signal shape (time-domain) 
¢ Ingredients: Sinusoids of different frequencies 
¢ Choose: How much of the each ingredient (sinusoid) to use? 





¢ In Fourier Transform, we want to look at signals in terms of a fixed set 
of ingredients 
¢ Ingredients : Sinusoids of different frequencies 





LEE 


¢ In Fourier Transform, we want to look at signals in terms of a fixed set 
of ingredients 
¢ Ingredients : Sinusoids of different frequencies 


Ingredient Amount 
(sinusoid — — 
+ Add all 


— " 0.5 
f; 0.25 
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¢ How is this shown after Fourier transform? 


Ingredient Amount 
+ (sinusoid frequency) — 


5 Hz Add all 
10 Hz 0.5 
+ 15 Hz 0.25 
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Scaling 


0.5 
0.25 


5 


10 15 
Frequency (Hz) 


¢ We mostly skip the middle steps 


Scaling 


Fourier Transform 





i) 
TST 
: ===» 
2 1 
<x 
Time Inverse ve 
0.25 


Fourier Transform 


5 10 15 
Frequency (Hz) 


IEVTIGV010/0( 
VR 


Some Fourier Transtorms (Visual) 


DC 
-— _— 
t f 0 N-1 0 
0 N-1 0 


t Lo 
t f 
0 N-1 0 
i) N-1 0 


As frequencies increase, the FT peaks move outwards 
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AMPLITUDE 


F(t) 


AMPLITUDE 


TIME 


0 Woy 5 Wo 
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Time Domain 


s(t) 





ms Frequency Domain 
" bide 
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260 300 360 


Frequency 


21 


harmonics: 1 





0.5 


0) 
0) 10 20 30 


Frequency (Hz) 
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(a) | (d) 1 














(b) 1 (e) 1 
xO | F : 

= | 0) 
(c) 1 (f) 1 
xO |F'|o.s 

—1 (0) 

0) 2 - 6 8 10 0) 10 20 30 
Time (s) Frequency (Hz) 
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Q. Is it always possible to write signals as 
sums of sinusoids? 


Q. Is it always possible to write signals as 
sums of sinusoids? 


¢ No. There are theoretical signals that do not have a 
Fourier Transform (e.g., e “'u(t) with a < 0). 


¢ However, all physically realizable signals have Fourier 
Transforms. 


Q. Why Use Periodic Functions (frequencies) ? 


A large number of physical 
phenomena have underlying 
periodicities (frequencies)... 


am plitude 


1000 


flute 


2000 
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recorder 
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0 
0 1000 2000 3000 4000 

frequency (H2) 
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Spectral Magnitude (dB) 


Amplitude 


0.5 


1 1 
’ FIF2 


0 


Frequency {Hz} 


0.005 





! ! ! 
F3 F4FS S000 By 


F2 FS Fars 
Frequency (Hz) 


001 O015 002 0 0.005 O01 0.015 
Time ts) Time {s} 


Voice Recognition 
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5000 


0.02 


30 


RF Level [ W/m? ] 


Telstra Optus Vodafone 


100 





935 240 945 950 955 960 
Background Frequency [ MHz] 


Communication systems are based on the frequencies of tunable antennas 
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A 





Chemicals may be identified by the unique resonant frequencies of their 
nuclei or molecules 
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Q. Why Sinusoids? 


Why not other types of periodic 
functions? 
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Q. Why Sinusoids? 


¢ Smooth (analytically simpler, e.g., differentiable, integrable...) 
¢ Nicely reflect behavior of natural phenomena (to-and-fro motions) 


Q. Why Sinusoids? 





Friedrich A.Lohmuller, 2012 


Longitudinal Wave 
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In fact, Fourier Transform does not 
use just sinusoids, it uses complex 
sinusoids!!! 


Why? 
¢ More general than real sinusoids 
¢ More elegant analytically and in calculations 


And what exactly was a complex sinusoid? 


A Sine and a Cosine Walk Into an 
Imaginary Bar... 


The Complex Sinusoid - e/%¢ 
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The Complex Sinusoid - e/@® 


cos 0 


cos(wt) + j sin(wt) 9g=( 


sin @ 


lucasvb.tumblr.com 
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The Complex Sinusoid - eJ@© = cos(wt) + j sin(wt) 


|g l2etet 





Time 





cos(2nf,t) 


(a) (b) 
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Mathematically Speaking... 


TT AWM it Fxg 
a a 
H J—oo 
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Mathematically Speaking... 








Time Frequency 


X(@) = | x(the dt 


—COoO 
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Hi De. El-zabeth £ 
Yeoh, uh... I accidentally 1K 
the rower transform of my Cat... 


& at 
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Questions’? Thoughts? ? 


ad 
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Signals and Systems 


with 
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@ 
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Q. Can we write signals as sums of 
periodic functions (frequencies) ? 
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Baking a Fourier Cake 


¢ Given: Signal shape (time-domain) 
¢ Ingredients: Sinusoids of different frequencies 
¢ Choose: How much of the each ingredient (sinusoid) to use? 





¢ In Fourier Transform, we want to look at signals in terms of a fixed set 
of ingredients 
¢ Ingredients : Sinusoids of different frequencies 





LF 


¢ In Fourier Transform, we want to look at signals in terms of a fixed set 
of ingredients 
¢ Ingredients : Sinusoids of different frequencies 


Ingredient Amount 
(sinusoid — — 
+ Add all 


— " 0.5 
f; 0.25 
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¢ How is this shown after Fourier transform? 


Scaling 
Ingredient PNaatelelays 
+ (sinusoid frequency) — 
5 Hz Add all 
10 Hz 0.5 
+ 15 Hz 0.25 a 
0.25 


5 10 15 
Frequency (Hz) 
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¢ We mostly skip the middle steps 


Scaling 


Fourier Transform 





i) 
TST 
: ===» 
2 1 
<x 
Time Inverse ve 
0.25 


Fourier Transform 


5 10 15 
Frequency (Hz) 


FT — Pairs and Rules-of-Thumb 


Some Fourier Transtorms (Visual) 


Not changing 
(frequency = O) 


sin(wt) = 5 (ef _ eet) 


constant Lo 6(s) 
IIe => - 
: . V/T 
T Sin wave 
0 
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DC 
- a 
t f 0 N-1 0 
0 N-1 0 


Longe es MM 


Rule1: As frequency increases, the FT peaks move outwards 
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constant 6(s) — 
FT 
VAVAVAVAVACa ae 
7_* . e rly ke 
Sin wave 
(b) . 


Rule 2: Damping causes spread 
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|x(t)| 


0 5 10 15 20 25 30 f [Hz] 


Rule 3: Sharp changes (edges) require a lot of frequencies 
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1 
ro "time" domain frequency domain 
ee 
=, 0 L 


Impulse, or “delta” function 


.. and an extremely sharp change 
(impulse) requires ALL the frequencies!! 


Rule 3: Sharp changes (edges) require a lot of frequencies 
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(a) 1- 





ca ) Rule 4: Periodic functions 
have discrete spectra. 














0 2 4 6 8 10 0 10 20 30 
Time (s) Frequency (Hz) 
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a=0.5, {,=0.1 4 





a) 


05 1 1.5 


Rule 5: Multiple effects 
can be combined. 
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x(t) X(f) 
1 
0 t 0 f 
x(t) X(f) 
0 t 0 f 
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Rule 6: Duality 


17 


Questions’? Thoughts? ? 


ad 
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Signals and Systems 


with 
Dr. Naveed R. Butt 
@ 


GIKI - FES 


In the last few months, we have 
seen... 


What is a signal and what is a system? (from 
engineering mathematics perspective) 


Chapter 1 


ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 


What are some of the common types of signals and 
systems? 


Chapter 1 


ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 


What are some of the useful properties of signals and 
systems? 


Chapter 1 


ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 


What are some of the major ways of modelling and 
analyzing signals and systems? 


Time Domain Chapters 2, 3 
Laplace Chapter 4 
Z-Transform Chapter 5 


Fourier Chapters 6, 7 
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How do signals and systems interact? 


Chapters 2-7 


ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 





EE 322 - Digital Communications / Dr. Naveed R. Butt @ Jouf University 


Let us now look at some practical 
applications of what we've learned... 


Examples from my own research: Material Identification 
Analyzing circuits : Laplace Transform 

Wireless Communications : Z Transform 

Filter Design : Fourier Transform 






Question: how to 
quickly tell whether a 
medicine 1s fake? 
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Let us now look at some practical 
applications of what we've learned... 


¢ Analyzing circuits : Laplace Transform 


“System” 


AN ENTITY THAT PROCESSES A SIGNAL 


x(t) y(t) 


a S —__ 


\ Can be something 


physical, or just an 
algorithm. 


Example of a System 





Example of a System 
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System Modeled as a Differential Equation 
(Time-Domain) 





t dv 
= + al Ux )dx n ce = = I, u(t). 
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Using Laplace (Frequency Domain) to Solve 
and Analyze the System 


v(x) dx + Ca = [, u(t). 


v(t) an dv(t) 
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Using Laplace (Frequency Domain) to Solve 
and Analyze the System 


V(s) l a 
R i 


+ C[sV(s) — v(0°)] = Tac (=), 





EP /C 


V(s) = >" Put values and use PFE to get 


s* + (1/RC)s + (1/LC) inverse Laplace. 
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Using Laplace (Frequency Domain) to Solve 
and Analyze the System 


v(t) = £{V(s)} 





Analysis: what are the initial and final (steady- 
state) values of i, (t)? 


Assuming zero ICs 


Taf LC 


lL, = 
© s[s* + (1/RC)s + (1/LC)] 





i, (0) = lim sI,(s) = lac 
om Do these values make sense? 


i, (0) = lim sI,(s) = 0 
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Let us now look at some practical 
applications of what we've learned... 


¢ Wireless Communications : Z Transform 


Multipath Signals in Wireless Communications 






Diffraction = 


Ht 
LY 

Onna 

EEE 


Direct LQS Path 





How do we model the signal (plus echoes) 
and remove the echoes? 








Reflection 
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Discrete-Time System Model 













Diffraction 


=——— 


Ht 


Perhaps only the green and red components 
are strong (and the rest are very weak)? If 
so, our model may look like: 


mE 


Direct LOS Path 


eas y[n] = x[n| — ax|n — No] 


c= 08. No = 11 
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Using Z Transtorm (Frequency Domain) to 
Analyze and “Fix” the System 





3 : a=0.8, No= 11 
i y[n] = x[n] — ax[n — No] 


cr 

co 

ait 
Litté 


Y[z] = X[z] — 0.827*+X[z] 


Y[z| = (1 — — "7 X[z] 
J 


“System” Transfer Function H[z| 
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Using Z Transtorm (Frequency Domain) to 
Analyze and “Fix” the System 


Y (z) 


a0 
_— 
i 
| 


Imaginary part 








Real part 


—1-08z !' = 


ai_og *UI 


zi 


|H(e/”)| 


o/n 
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The environment behaves as 
a “comb” filter. How may we 
remove this effect to get 
original signal back? 


Imaginary part 


Imaginary part 


| © io) 
= Wow 








Real part 


The environment behaves as 
a “comb” filter. How may we 
remove this effect to get 
original signal back? 


One way is to pass the 
received signal through a 
filter that cancels the zeros 


|G(e/)| 


and poles of the system. 





X[z] A{[z| 
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Y[z] 











This filter will remove the effect of multipath and give our original signal back. 
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y[n] 
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Example signals. 
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Let us now look at some practical 
applications of what we've learned... 


e Filter Design : Fourier Transform 


Example of a Low Pass Filter 
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Using Fourier Transform Determine How the 
Filter’s Cutoff Frequency is Linked to R and C 
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ut) = Ri(t) + & | iar v(t) = = | ienar 


1 1 
V(@) = RI(@) + Foe 62) Volo) = joe 


ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 


t 


ut) = Ri(t) + & | iar v(t) = = | ienar 


1 1 
V(@) = RI(@) + Foe 62) Volo) = joe 
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|H(w)| 
Vo(@) _ 1 


H(o) = = —____ 
() = Fa) 1 + joRC ! 


1 0.8 
ade a de ee 0.707 
V1 + (a/w,) 0.6 


i 0.4 


|H(w)| = 


How should you change R and C if you would 
like to increase (or decrease) the cut-off 
frequency? 


|o 
— 
i 
| 
nN 
| 
ee 
i) 
—_— 
S 


10 wie, 


ES 332 - Signals and Systems / Dr. Naveed R. Butt @ GIKI - FES 36 


Questions’? Thoughts? ? 


ad 
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